J. Fluid Mech. (1971), vol. 50, part 2, pp. 271-284 271
Printed in Great Britain

On the initial-value problem in the
kinetic theory of gases

By HOWARD R. BAUM

Harvard University
(Received 11 February 1971 and in revised form 14 June 1971)

The relaxation of an initially non-uniform gas to equilibrium is studied within
the framework of the kinetic theory of gases. The macroscopic gas properties
are taken to depend on one spatial dimension as well as the time. The amplitude
of the non-uniformity is assumed to be small with a length scale large compared
with the mean free path, and the Krook model of the Boltzmann collision integral
is employed.

By applying multi-time scale perturbation methods to this reduced problem,
uniformly valid analytical solutions for the macroscopic velocity, density and
temperature are obtained. The macroscopic equations appropriate to each stage
of the relaxation process are obtained in a straightforward and unambiguous
manner. The distribution function obtained is shown to be a re-expansion of the
Chapman-Enskog solution of the Krook equation, with additional terms ac-
counting for the relaxation of the initial conditions to a near equilibrium form.
The results indicate that the uniformly valid first approximation to the macro-
scopic velocity, density and temperature can be obtained from the Navier—
Stokes equations, but that no purely macroscopic set of equations will suffice
for the determination of higher approximations.

1. Introduction

The initial-value problem in the kinetic theory of gases represents one of the
oldest and most interesting problems in gasdynamics. The molecular motion is
described statistically by a particle distribution function f(x, v, t) defined so
that the number of molecules in a volume element d3x about the point X in a
velocity range d*v about v at an instant ¢ is given by fd3xd?v. The distribution
function satisfies Boltzmann’s equation (Chapman & Cowling 1961). The general
solution of the Boltzmann equation, given f(X, v, t;) at some initial instant ¢,
has never been obtained.

However, the problem simplifies considerably when the initial distribution of
particles has a spatial length scale which is long compared with the mean free
path (defined as the average distance that a particle will travel before colliding
with another). In this case the motion is known to be governed by macroscopic
equations, the initial conditions relaxing to a nearly equilibrium state (locally
in space) after a few collisions. The macroscopic equations obtained depend upon
the method of analysis used and the degree of accuracy required of the answer.
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(See Grad (1967) for a survey of approaches to this and other questions in kinetic
theory.)

In the present work three important simplifications to the small Knudsen
number (the ratio of the mean free path to the relevant length scale) initial-
value problem are made. First, the Boltzmann equation is replaced by the
Krook statistical model (Bhatnagar, Gross & Krook 1954) as the governing
equation for the distribution function. Second, the initial disturbance is
assumed to be a small perturbation of a pre-existing equilibrium state. (The
equations are not linearized, however.) Finally, the motion is assumed one-
dimensional. The multi-time scale technique is then applied to the reduced
problem. McCune, Morse & Sandri (1963) applied the method to the general
initial-value problem for the Krook equation and obtained considerable insight
into the relationship between many of the approaches referred to above. How-
ever, when the method is applied to the reduced problem, it is possible to obtain
a uniformly valid solution for the macroscopic variables of interest (number
density, macroscopic velocity and temperature). Moreover, the extent to which
the macroscopic equations determine the motion emerges in an unambiguous
way. In fact the one-dimensional macroscopic solutions themselves do not
seem to have been obtained in the general problem shown below.

2. Mathematical formulation

The starting point of the analysis is the Krook kinetic model specialized to a
one-dimensional unsteady flow:
of ., of

_+'Uz55

o, = (T (@ —f),

(1)

P=n [ %exp [—(m/2kT) (Vv—u)?].

m
7]
Here f(X, v, t) is the particle distribution function. The particles each have a mass
m and no internal degrees of freedom. The macroscopic quantities appearing are
number density =, velocity u, and temperature T'. They are defined as moments
of f as follows: "= J‘ fddv,

ma = [vfddv, (2)
$nkT = [ Im(v—u)fdv.

The gas has a microscopic collision frequency n«(7') which can be chosen to
reproduce the viscosity of the gas whose motion is being modelled; % is Boltz-
mann’s constant. For a one-dimensional motion it is sufficient to consider two
components of velocity. Let the component in the direction of increasing « be u,
and that in the plane of constant « (whose direction is determined by the initial
condition) be w.

Now consider the initial-value problem. In the undisturbed state the gas is at
rest with number density », and temperature 7). In this state

3
Q=f=mn [ﬁﬁ] exp [ — (m[2kT,) v?] = @,
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The gas is then disturbed so that the departure of f from @, is characterized by
an amplitude parameter ¢ <€ 1. The length scale associated with the disturbance
is large compared with the mean free path [ = (k7}/m)(n,«(T}))-2. Let the length
scale L be I6—1; where 8 < 1 is the Knudsen number.

The appropriate non-dimensional variables are then

f=ny(m[kT)EF(E,y,s,6,0),
D = n (AT}, ¥ = [N/(2n0)¥exp[~(1/20)(E- U,
n=n4N(y,s,¢6), T=1T,0(y,s,¢€,7),
u = (u,w,0) = (kIy/m}{U, W, 0} = (kT,/m)U(y, s,¢, ),
x = (KTy/m)t [ngk(Ty) 81y, t = (nok(Ty))s,
nk(T) = ngx(Ty) Q(s,y,¢€,8),
V = (U, 0, %) = (KTo/m)HE, 1, §} = (kTy/m)PE.

Equations (1) and (2) now become

oF oF
—9;+aga_y = QV-F),
N = [ Fd%, (3)

N(U,V,0) = [ F(§,7,8)d%,
$NO = [1F(E- U)*d%.

The macroscopic conservation laws are obtained by multiplying (3) by 1, £, and
1(€ — U)?: then integrating over § we obtain in corresponding order
oN 7

%+6517(NU) =0,

oU oU oF,

oW oW\ .oP,
N('g--k(?U-a—y—)-i"a?y— =1,

o0 20 oU oW o8Q
3 — — D — —_— — -
§N(88+8U ay)+6<Py ay+Pt 3 +3y) 0

(4)

These equations are, of course, the conservation of mass, longitudinal and
transverse momentum, and energy respectively. The normal and transverse
components of the pressure tensor (P, and F, respectively) and the heat flux
vector ¢ are given by

P, =[(§~-U)Fds%,
B =[(E-D)(n-V)Fas, (5)
Q= IFE-UPE-U)a%.

The initial-value problem may now be posed as follows:

F = (2m)texp[—3EY +€Z(E,y) at s=0.

18 FLM 50
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The first term is the dimensionless form of ®,. The perturbation Z is assumed
to vanish exponentially in |E| for large |§|. Moreover, the disturbance is also
agsumed to be initially bounded spatially in a manner that will be made clear
as the analysis progresses.

The problem contains two small parameters ¢ and 8, and a perturbation analysis
is indicated. It is both convenient and constructive to consider & in the form

d=¢lA.

The parameter #Z will ultimately be seen to play the role of a Reynolds number
in the macroscopic motion. When this choice for ¢ is made, the motion evolves
on three different time scales. The kinetic equation clearly evolves in a non-
trivial manner on the s scale. Macroscopic quantities must also evolve on a
scale such that ¢ = (¢/#) s is O(1) in magnitude since the initial conditions have
a length scale (¢/#%)~* longer than the mean free path. Finally, there is a time
scale such that 7 = (¢2/Z%) s is O(1) in magnitude. It is on this time scale that the
decay to an equilibrium state required by the irreversibility of the kinetic
equation occurs. Non-linear effects will also occur on the 7 scale.

The perturbation method appropriate to this type of problem is the multi-
time scale technique (see e.g. Carrier & Pearson 1968 or Cole 1968). The depen-
dence of F on its parameters is assumed in the form

F=FE,y,s¢,7,6%).
Since ¢ and 7 are linearly related to s, the time derivatives are transformed to

2__)6+£ﬁ+623
os 0s Rop Ror

The initial conditions must now be applied at s = ¢ = 7 = 0. With these modi-
fications, ¥ (and hence all moments of F) is expanded in a power series in ¢,
each of whose coefficients depends on all other parameters. The system of equa-
tions is rendered determinate by requiring that all perturbations are bounded
and the first-order perturbation is the dominant term everywhere for any finite
value of |§|. The expansion is thus assumed in the form

F = (2mytoxp (~4E) + X e"FOE,5,4,7,y),
n=1

¥ = (2m)Hexp(—3EY + T e"T™E,s,¢,7,9),
n=1

U= T e"Us, ¢,7,y), B =1+ 3 eE"s,¢,7,9), (6)
n=1

n=1

N=1+ 3 e*N®(s,$,7,y), P= X e"BM(s,6,7,y),
n=1

n=1

O =1+ 3 e"0"(s,9,7,y), Q= X e"QM(s,6,7,y).
n=1

n=1



On the initial-value problem in the kinetic theory of gases 275

The revised form of (3) and (4) is now

g e+ 55 - aw-h),
g o] 52
:
(G a G5 w A BT R ) -

The perturbation equations are now obtained by the substitution of (6) in (7)
and equating the coefficient of each power of € to zero. The initial condition is

FO(E,0,0,0,9) = Z(E,y); F™E0,0,0,y) =0 (n=23,...).

The initial conditions on all macroscopic quantities are obtained by taking the
appropriate moments of #(£,0,0,0, ).

3. The early stages of the motion
The first-order equations in the expansion defined above are
0F®W[os+ FO -FO = 0,
PN®, UD, @WYjas =0,
¥ = (2m)-4 exp (3 (VO + £. UV + (J52— ) OV},
The solutions are
NO = N(l)(¢, 7,9); UL = U, 1,9); O = OV, T,¥);
FO = YO 4 e—sF (P, 7,8, y). }

To a first approximation the velocity, temperature and density does not
change from their initial values while the distribution function relaxes to a
Gaussian form. FO satisfies an evolution equation to be determined at a later
stage in the analysis. The components of the pressure tensor and heat flux

vector are PO = NO L QW 4ee J‘ FOLIE, }

(8)

PO = o~ [ EnF O QW = e~ [ JEXFD A7, ©
We now consider the second approximation. The conservation laws are
ON®@ 1 [oNO oUW 0 \
G ( g " ) -
U(z) U(1) p(1))
(10)

ll

W(z) ( W(1) P(l)
+

H

300@ 3000 U(l) Q(1)
30 A (2 53 )

18-2
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When (8) and (9) are substituted into (10), it is clear that the only way to avoid
terms growing linearly with s in N®, U® and ©® is to require the terms inde-
pendent of s to vanish in each of (10).

ON®[3¢+dUDay = 0,
dUD3 + (N + OD)/dy = 0,
3000/2¢ + 8UV[3y = 0,
dWW[agp = 0.

(11)

The first three of (11) are the one-dimensional acoustic equations. The solutions

are U® = J[JO(r, 7) — GV(o, 7)),
QD = HHN(7,y) + GNPV, 7) + GO0, 7)]},
N~ 3{ HO(r,y) + ERI0, )+ 6o 7],
3 %¢’ o= y+ 7}95

The results at this stage may be interpreted as follows. The distribution
function loses all memory of its initial condition after a few collisions, relaxing
to local thermodynamic equilibrium as represented by the linearized Gaussian
distribution W®. The ‘ conserved’ quantities N, U and @ do not vary appreciably
from their initial values during this period. On the time scale characterized by
values of ¢ which are O(1), the longitudinal motion is acoustic, while the trans-
verse motion has not yet changed from its initial state. The ultimate evolution
of the motion for a time scale characterized by non-zero values of 7 will be
considered next. The result will be a system of partial differential equations
governing the evolution of J®, G® and HY,

(12)

4., The determination of the distribution function

To proceed further it is necessary to consider the behaviour of the second-
order quantities in some detail. From (9), (10) and (11)

N® = NP, 7,y), \

_ = [oF O
Ue = UG, 7,9)— = f 243,

® I WG

da’é +OR (B, 7,9)

0w = _318_3 f e

The subseript M denotes the part of each variable which evolves solely on
macroscopic time scales. The second-order kinetic equation is

?i_)+ FO = @ 4 QOPO _ FO) — _ (8 F(l) 3 P
0s _8 "
QL = NO 4 1 dk (T,) OW,

«(Ty) dT,
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ye — (2m)~ gexp —3E2 { N(2)+E U4 ( (382 @(2)_2 Uoe®
%[N(l) +E. yo +( EEZ — g @(1)]2 _ Q[N(lm + w24 (E2— ;21) @(1)2]}.
Using (8), (11) and (13) this can be written as

oF®

(1) (1)
O+ = ¥ - emexp (189 -4 G+ e T

"oy
}_%‘;S(g: ¢’Ti y):

5 a@m
oy

oF W ,
g = ¥ S em)texp (- 450 5 [ g

Z (1)
ae-p [y @ a),

+E(38%—

(14)

GFW aFW
73 Ty

«[efge d3§'+(%52—%)f35)£a"‘ arg).

We first consider (14) as a functlon of s. Unless 8 = 0, F® will contain a term
proportional to (s/#) e~*. Thus, when s is O(%/e) (i.e. when ¢ is O(1)) (¢/#) 0F@/0s
will be as large as 0FW/ds. Avoiding this breakdown in the perturbation scheme
then produces the evolution equation for #®:

oF MV oF M

S i +A00F0 = — emhexp (- 38 g 50 2 arg

S

+ ZQOF D 4 (27r)-E exp (— 1E2)

g [Here s daz} (15)

It is easy to show that #© has the required property that
[ #F0(,E 1€ d% = 0.
Let the appropriate moments be denoted by
[ F9(1,€, 18 & = [n,u,6).
Taking the corresponding moments of (15) gives
on|og + AQVn+ oufoy = 0,
oufop +Z0Mu = 0,
90/0¢ + QY = 0.

The last two of these equations may be formally solved

¢
u = uy(7,y)exp [—.@f Q“)dgzi] ,
0

¢
0 = 6,(t,y) exp [—.@f Q‘l)dgzi],
0
U, (0,y) = 0; 6,(0,y) = 0.
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If u, and 6§, are independent of 7, then u and 6 are zero; whence

¢
n = Ny (T, y) eXp [—%fo Q‘l)dgb]; 7y(0,y) = 0.

Thus » vanishes also if n, is independent of 7. The dependence on 7 of the quan-
tities n,, u,, and 6, is determined by the homogeneous solution #% of (15)

FY = AE, ry~£9) exp| & | "oy + £ 4

_A(l)(E.u O’ .7/) - Z(g’ ?/) "‘F(D(E.n 0’ 0: y)

It isshownin the appendix that A® may be chosen to be independent of 7 without
introducing any inconsistencies in the perturbation scheme. This choice leads to
u, 1y and 6, which are independent of 7 and thus zero. Since the primary purpose
of this paper is to determine the behaviour of N®, U® and ®®, the properties
of #® will not be pursued further here.

The solution for @ may now be written as

F® = e=FOE, §,7,y)+ ¥

pU® oW

(L)
~gemtexp (i e -3g T S sae-p g

oy )’

16)

This result, together with the expression (8) for FU, is closely related to the
Chapman-Enskog approximation to the distribution function (Chapman &
Cowling 1961). The Chapman-Enskog theory assumes é €1 but places no
restrictions on ¢ (9 is effectively the Knudsen number for the model gas). N, U,
and ® are not formally expanded but P, F,, @ and all time derivatives are
expanded in a series in § which requires use of the conservation laws to remove
all time derivatives. The first two terms in the expansion applied to the Krook
equation are

8 . 10U
F =¥ - g €= U -3E- Ul g

LE=D) (ﬂ—W)ﬂ+€—U[1(€*U)Z_§]€Q

2
) ' @ |2 © 28y}+0(6)' (A7)

If (17) is now expanded in a series in € with terms of O(e?) retained; then the
result obtained differs from

(2m)~texp (—LE2) +eFD £+ 2F®

in two respects. First, there is no description of the relaxation of the initial
conditions to near local thermodynamic equilibrium. In addition, the second-
order contribution of ¥ is ¥'® and not ¥%. These are both consequences of the
fact that the Chapman—Enskog procedure cannot describe the evolution of the
motion from an arbitrary initial state. Thus, that part of U®, N® and ®® that
does not evolve solely on macroscopic time scales is not accounted for.
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The result (16) may now be used to evaluate the €2 contributions to pressure
tensor and heat flux vector. They are

P® = e-sf EFODPE + N® 4+ 0@ + NOEO — 3_‘%} 9 g]( )’

Y
19W®
(2) — o~ @&y I8 — —
Py effgdgﬁay, (18)
o= o [apeFe-vo.ggrope- S0
Y

At this point the role of the parameter Z as the Reynolds number is clear.
Consider the part of P{» that survives after a few collision times

po_ T 1oW®  11/m)\}, oW

ET  nokTyer T A oy He \kT, ox °
Equating the shearing stress 7% to u oW [ox gives

R = e(kTy/m)mnyL|p.
But e(kT,/m)? is the magnitude of the macroscopic velocity, mn, is the ambient
density, and L = I§~! the length scale of the initial disturbance. Hence Z is a
Reynolds number. An expression for 4 is obtained by noting that
= (¢/0) = eLnor(Ty)] (m[kTy)}
Equating the above expressions for £ gives
w(Ty) = ETo/x(Ty)

This expression is often used to obtain x(7}) in terms of a given u(7;). An ex-
amination of P®Y gives the same expression for 4 (as it must) and no bulk viscosity,
while equating the macroscopic part of the heat flux vector to — A(97'/ox) (where
A is the thermal conductivity) reveals

= [To)[MTo)] 3k|m = 1.

This is the well-known property of the Krook model gas; a Prandtl number one
for any form of «(7j).

5. The uniformly valid macroscopic behaviour

Now consider the €3 terms in the conservation equations:

31\2(3) 1 {a;v;_i_aév(nJr 525_/ (U@ 4 N(l)U<1))} = O,W
6({:3) {36[];) ap(z)+3ay*;1)+ U(l)agym+N‘1) (@ag;@) aaU;))} =0,
a?y(z)+ag:)+P£” agjym+ ‘”a?; )} =0
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Substituting (13) and (18) into (19), and suppressing secular terms in s yields the
following system:

ON® JU® NV 2
L L nopwy =
i Ty T e +3y(N Uy = 0,
oUR o oUW oUW aUWw
M, (N® (2) @ 6]
P +8y(N +0%) + g +U P +N p
] 4 2UO
Cinvogoy . 20 2 _
oWR WD WD 1 2W® (20)
+ UW + - =0,
o¢ oy or A oy?
300,® oUY 37,00 200 . 800
5 a9 Tay 2N g T Ty
UL 5 2w
(¢Y) (1) ——— e =
+ (ND+ W) Gy 2% oy

Equations (20) are exactly what would be obtained from the Navier-Stokes
equations if all dependence on the kinetic time scale variable s were omitted and
(UR, 0F) were replaced by (U®, ©®), It is, of course, necessary to put the
specific heat ratio y equal to §, and F, equal to unity.

Up to this point only the kinetic time scale has been studied when suppressing
the secular terms in the solutions. The elimination of such terms from the
solutions to (20) will now determine N®, U®, and O® uniquely for all times.
First consider the third of (20). The equation can formally be integrated as

¢ oW® oWW 1 2w
(2 _ ) DA A 2
we LU do % (T,y)+¢{ AP }+W32(7,y). (21)

If UM(0, 0,y) vanishes sufficiently rapidly ¥y — + oo, then

+ o
f (0, 0,y)dy
0

is finite. Equations (12) then ensure that the first term in (21) is finite as ¢ - co.
Hence, for W to be bounded for all ¢,

oW 1 2
S a = (22)

The transverse or shear velocity simply diffuses on the viscous time scale
1/2. The uniformly valid first approximation is then

WO = fm dz W(0,0,z) exp [ — Z(z—y)¥/41] (%#]27T)3. (23)
We next eliminate 80U [0y between the first and last of (20),
30M® §N® [aNO® 3/ 200 @M proy
2 - - 2Ny 2 yo )
2706 og [ o T )]+2(N 5 o Uy )
@ 2@ M)
+ (N 4 Q) oU®_ 5 #09_ (24)

oy 2% oy*
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Both N® and ®® contain terms proportional to HV(r, y). H® plays the same
role in (24) that W® did in (21). Applying essentially the same arguments yields

W 1 BH®
oH® 130 O o, (25)

The non-isentropic part of the longitudinal motion is purely diffusive. The
diffusion coefficient is (#ZF,)~! for an analysis starting from the Navier-Stokes
equations. The solution to (25) is

10 = [ (10%(0,0,5)~ N0, 0,2)] (B]27r)i exp [~ AG—y)arl. (20

In order to determine J®(r,7) and GW(o, 1) it is convenient to have (20) in
characteristic form. Multiplying the continuity equation in (20) by £, the energy
equation in (20) by £ and adding, we have

808?) ON®D 9
22 (N® 2 (Nopm
o)+ 4 T L vor|
aG)(l) 86)(1) 204 oU® 1 0200
[ NO ¢ +U® } 2( N(1>+®<1>) X 0. (27)

Next multiplying the longitudinal momentum equation in (20) by (#)} and
adding this to (27), we get

[@)é;; a][U‘A}H% (N® 4+ 0@)] (5)%[ 2]7(1) o Uyl)+N<1>aZ;1)

0 4 RUD] 3[oND 200 oW oM 9
WEOY — —— e (§V] ¢V _ (SMY J(EY
5 V0% gzayz]s[af+N o TtV a(NU)]
oUm 1 5200
(1) D —_ =
+3(NV+0 ) % o (28)
We now consider a transformation of variables, replacing (¢, y) by (7, o),
y=13r+0); ¢=434RHo-7).
When (12) is substituted into (28) it takes the form
32J0 2JO 3 RJW
i 3V NO® 1 OQ) w2 = 0.
27 [Ug‘j+ IO+ 5] - (3) {5 bl ek b 32}+B(0’,r,1') 0

Provided that N and @O are bounded initially in the same sense as U®,
then -
f B(o,r,1)do

0

is finite for all o. The quantities UY, OF and N® can then be bounded for all &

only if @ (0N 2 7(1)
3J +3J4 )g___l_____a J = 0. (29)
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This is, of course, Burgers’ equation, specialized to the case ¥ =, P, =1, and
no bulk viscosity. The same procedure may be used to show that
)
e o 06w 1 2GW

or o R oot 0. (30)

The solution and application of Burgers’ equation to problems in which either
JO or G was present separately has been discussed by Lighthill (1956), parti-
cularly when & is large. (Note that (30) becomes identical with (29) when o is
replaced by — o) The solutions to the initial-value problem are given by

JO(r,7) = (3]%#) 0 (log R(r, T))]or,

Riry1) = [ e, 0) @2mm)texp - R ypjen s,

Rir,0) = exp 7 [ [U(0,0,2) + (B QV0X0,0,2)+ ©9(0,0,2)]),
G0, 1) = — (3/%) 0log L(o, 7) /00,

Lo, 1) = ” L(z,0) (Z|2n1)texp [ — R(z —y)2|47] dz,

L{o,0) = exp { - %f: dz [(3) (N0, 0,2) + OV(0, 0,2)) — TUM(0,0, z)]}.

The uniformly valid solution may thus be briefly described as follows. The
distribution function relaxes to near local thermodynamic equilibrium after a
few collision times; the departure from local equilibrium then being described
correctly by the Chapman—Enskog procedure. The first approximation to the
longitudinal motion obeys the acoustic equations initially. However, the motion
eventually breaks into two propagating non-linear waves which ultimately
decay through the action of viscosity and thermal conductivity, and an ‘entropy’
disturbance which diffuses very slowly due to the conductivity of the gas. The
transverse motion diffuses over the same time scale, this time owing to viscosity.

The analysis presented here can be applied directly to the Navier—Stokes
equations; it can be applied to flows in more than one dimension, and to a flow
with boundaries. These topics will be considered in subsequent papers.

Finally, it should be pointed out (if it is not already obvious) that no attempt
has been made to obtain a result that is uniformly valid for large values of &.
There are two reasons for this. First, it is clear, from the form of the expressions
obtained for F, that the macroscopic consequences of any such result would
imply corrections of order e~1¢, Second, the Krook model was set up specifically
to focus on the macroscopic quantities N, U, ® and makes no pretence of giving
an accurate representation of F in velocity space. Hence it was assumed through-
out that interest is confined to finite values of §.

This work was supported in part by the National Science Foundation under
Grant NSF-GK-1827, and by the Division of Engineering and Applied Physics,
Harvard University.
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Appendix

The fina] determination of F® comes from the suppression of secular terms in
the equation for F'®

oF® 1 (oF® _QF® 1 oF®
e — e = PO _ F'® L JrQ) _ F@ @M _
as+92(a¢+ 63/).%’81 YO _ F6 + QU@ — F@) 4 Q@(FO — FO),

(A1)

The manner in which each quantity depends upon s may be shown explicitly
in a notation as follows:

FO = g~ FO L PO FO = -2 F® 4 FQ),
0O = e+ OF, WO = ooy ¥,
IF(Q') = 6“8¢‘2+1FS%}.

Substituting this into (A 1) and suppressing secular terms in s leads to an in-
homogeneous equation for #®

IF®  oF® oFW
- WM F @) — — —
39 +¢ 7 + AQOF Rfry——5-

In the present notation, the equation for #® (equation (15) above) is

oFW  oF®
hROT S O FO —
5% +& o + ZQWF 1

ROG FO, (A 2)

The formal solution to this is given by:

FO = AV(y, E 7)exp { - f :,%’Q(l)(yo +E¢', $'7) d¢,}

+exp| - [C@aoy,+ 9. mag) [ appgo e[ avag). @)

Now, remembering that Q© = N+ (1/x,) (dk,/dT,) OW, the assumed form of the
initial conditions ensures that

F QW dg < co.
0

As a result, all the inhomogeneous terms in (A 2) vanish as ¢ approaches infinity
along the characteristics of the partial differential equation. F® is then finite
for all ¢ on each characteristic, and there is no secular behaviour to suppress.
Hence AM may be taken to be independent of 7.
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